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Preface

It is with pleasure that we make available copies of the
Proceedings of the Fcurth Annual Logistics Conference. We hope that the
four annual logistics ccnferences, beginning with & working conference
of limited attendance in 1950, have served the purposes of stimulating
fundamental and applied research in the field of logistics and
disseminating useful information concerning the role of logistics

in military planning and operations.

The Fourth Annual Logistics Conference contained papers of
various security classifications. For the expedition of the distribution
of the Proceedings, and for the convenience of the recipients of copies
thereof, the Proceedings have been bourd and distributed irn four parts.
It is hoped that this p.ocedure will enhance the value of the Conference

papers to the users.

We express our sincere sppreciation of the active collaboration
of extremely busy people in making the Fourth Annual Logistics Conference
a success. We are indebted to the speakers for the interesting and
important talks they prepared and delivered. We thank The George
Washington University and the Office of Naval Research for their
assistance in the Conference arrangements. And last, but in no sense
least, is our expression of thanks to all those who attended the

Conference and whose particijs.ion made it worthwhile,

E. ¥W. Cannon
Principal Investigator
logistics Research Project
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PROGRAM

General Chairman: Dr. Mina Rees
Divector, Nathresatical Science. Division, Office of Javol Research

Chairman of 'Practical” Sessions: Rear Admiral Henry £. Eccles, USN, Retired

Chairman of "Theoretical" 8essions: Professor Cskar Morgenstern
Princeton University

Monday, 16 March 1953
Planning Problems and T.chrigues
("Practical" Session, 1)

Welcoming Remarks
Dr. Mina Rees,
Director, Nathematical Sctences Diviséon, Office of Javal Resesrch

Rear Acdmiral C. M. Bolster, UM
Chief, Office of Javal Research

Dean Martin A. Mason
fhe Ceorge Vasrington nsverssty

Introduction to the "Practical' Sessions
Rear Adnmirzl Henry B. Eccles, USN, Retired

1. Fleet logistics
Spearer: Vice Admiral F. C. Denebrink, USN
Cossander, Nilitary Jea rfransportaiion Service

rormal Discussant: Rear Admiral J. E. Maher, USN
Cossagnder, Secricg Force dtlentic Pleat

Supply in the Pacitic Thealer
Speaker: Cept. 0. P. Lattu, SC, USK
Coananding 2¢ficer, Faval Supoly lepot, Jewport, R.I.

Formal Discussant: Capt. J. D. Farks, SC, USN
Service Porce, édtiantéc Flacet

n

3, Haintenance and Repair in the Fieet
Speaker: Rear Admiral W. D. Leggeti, Jr., USH
Deduty Chief, Burcau ¢} Shsps
Formal Discussant: Rear Admicai &. H¥. tacue, USN

Cosmundant, Inzusitius Jollsge of tie
Arsed ruriees
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Tuesday, 17 March 1953
logistice Data Processing
("Practical " Session, 2)

1. Survey of Modern Methods of Data Processing
Dr. E. W. Cannon
Principal Investigator, logistics Resvarch Profsct

2. Data Storage Devices and Techniques
Jacob Rabinow
Yational Purgau of Standards

3. Digital Input and Output Devices for Automatic Computers
Dr. Nelson M. Blachman
Office of Javal Reseorch

4. A Description of the Logistics Computer
Lt. R. J. Rossheim, USNR
Office of Yaval Reseoarch

5. Applications of UNIVAC to Air Force Programming Problems
Bril Schell

8eadquarters, United States Air Porce

6. Application of CRC Computer to Bureeu of Aeronautics Problems
D. 0. Larson
Bureas of Meronautics

7. Application of the Logistics Computer to Neval Logistics Prcblems
J. Jay Wolf

Logistics Rfesearch Project

Wednesday, 18 March 1953
Distribution Control
{ "Theoretical" Session, 1)

Introduction to the ‘“Theoretical" Sessions
Professor Cskar Morgenstern
Princeton Oniversity

1. Cptimal Technology for Supply Management
Speaker: Rear Acdmiral Frederick L. Hetter, SC, USN

Bureau of Supplies and dcccunts

Formel Discussant: P. F. ililbert
Office of the air Comptroller

2. The Limits of Centralization
Spesker: Dr. T. M. whitin

Princeton University

Formal Discussant: Prof. M. E. Salveson
iniversity of California
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Estimating Shipping Kequirements at Short Range
Dr. Harry M. Hughes
Oniversity of California

Optimal Scheduling in Transportation
Speaker: Dr. I. Heller

Logistics Research Project

Formal Discussant: Martin Shubic
{of Papers 3 & 4) Princeton gniversity

Thursday, 19 March 1953
Theory of Games
{"Theoretical" Session, 2)

The Solution of Games by Benavior Strategies
Speaxer: Dr. d. W. Kuhn
Bryn Nawr College

Fformal Discussant: Gerald Thompson
Princeton Jniversity

Reduction of Games in Extensive Form
Speaker: Dr. Norman Delkey

Phe Rand Corporation

Formal Discussant: Lloyd Shepley

Princeton University

Blctto--Type Games
Speaker; Dr. D. W. Blackett

Princeton University

Formal Discussant: Dr. W. H. Marlow
Logistics Research Projact

Machine Representation of a Symmetric Air War Game
BrigGen L. I. Davis, USAF

Atr Ressarch and Development Comsand
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WELOOMING REMARKS

by
The General Chairman, Dr. Mina Rees
Mrector, Mathematical Sciences Division
Office of Naval Rssearch

This is the Fourth Anmual Logistics Conference sponsored by
the Office of Naval Research and The George Washington University. The
first of these conferences was planned soon after ONR began its partici-
pation in the development of this relatively new art and science of
logistics, We feel that one of the special needs is to provide for the
exchange of the ideas and experiences of the diverse groups engaged in
related work, It is in this way that scientific progress has been
achieved across the ages and it is essential that the ideas that are
generated in one group be subjected to the criticism, harsh or otherwise,
of other groups, Thus they will be shaped into a form that may be good
and useful, Those of us who are engaged on the civilian front in work
related to logistics are eager that those of you who have large military
experience should bring your experience and judgment and criticism,
adverse or favorable, to play upon the ideas which we generate. In this
particular field there are so many groups, military and civilian, weotking
under the regtriction of nilitary classification, that the problem
of interchange and criticism is particularly difficult., It is in this
gerieral area that we hope this conference will be effective, The George
Wiashingtcen Uniwersity Project is only one facet of the ONR program in
logistics. This program is concerned both with chort rarge and with
long range work and there are many other aspects of the program besides
those which are represented at The George Washington University., It is
particularly critical, however, to secure an interchange of judgment
and criticism in the area of the short range program,and it is in this
area that we hope to make progress during the first two days oi the
conference. The obverse of the picture is this: there is a need for
some awareness of the rather long-haired work on the part of the practi-
cal worlman., This is so partly because it can provide the research
worker with an orientation in the selection of significant and fruitful
directicns for his research; partly because it can facilitate the trans-
lation into use at the very eariiest possible time of any useful results
which come out of the research. And so we nope that, although some of
the papers on the last two days may seem a little remote, many of you
will understand and participate in the discussions, It may be wcrth
noting that the opening speaker of the so-called "theoretical" session
will be Admiral Hetter who can hardly be accused of taing toc far
removed from the scene of operations., The first two days are devoted to
the so-called "practical'" session and deal with planning problems and
techniques and with logistics data processing. I am sure that you are
all aware that the new Logistics Computer has just been delivered and
will be on display during the conference, The second two days are de-
voted to ths "theoretical" session and the topics will be distribution
control and the theory of games, Before we proceed with our program, I
am privileged to introduce representatives of the two organizations spon-
soring this oconference =2 that they may bring you greetings from their
organizations, Rear Admiral Bolster, Chief of Naval Research, has been
associated Wi th the ONR Logistics Program since its inception and has
given us support at every turn, I am particularly happy and privileged
to present Adniral Bolster,



WELCOMING REMARKS
by
Rear Admiral C, M, Bolster, USN
Chief of Naval Research

Ladies and Gentlemen:

It is certainly an inspiration to all of us to see such a fine
group here this moming and particularly to note that there is such a
strong representation fram the personnel of the Army, Navy and Air Force,
As Dr, Rees has told you, we have been working very hard for a long time
on this general problem of logistics, particularly that of bringing the
many contributions of mathematics and science to bear in order to arrive
at a more affective methcd of handling such problems, We have spent
many hours both on the theoretical and practical side of this problem,
since we all are extremely amxious to make a real contribution to the
users of logistics services,

I want to w:lcame all of you and to thank ya for coming here
this morning, for your presence will help greatly in making this Symposium
a succesz, It is through the efforts of you people, many of whom I know
from personal knowledge are extreamely busy with other things, that we
achieve the understanding and progress so necessary for this effort, We
appreciate the efifort of those who have prepared papers which will be
presented here, We also wish to express our tharks to those who have
taken the time to prepare formal comments., For example, I have been
working with Admiral Leggett on a special board, and I frankly do not see
how he has had time to prepare his paper, On the other hand, I have been
told that it is going to be a very fine paper which we are very grateful
to have him present, As you look at the list of papers and speakers here
today, you are struck by the wide variety of experience and background
which they represent, For the first time, I believe we will be getting
a lot of the flavor of real operating experience, and as Ir, Rees has
said, the thing that makes such a project really successful is to be sure
that it reflects the true needs of the services and not merely same
theoretical problem.

As I said earlier, this project has been under way some time,
and we have all looked forward to the period when we would have a com-
puter available with which we could test samne of the theories being
developed, This computer is here in Washington nov. and we are eagerly
anticipating the demonstrations that will be possible on it, to see just
how it wil) weally solve the problems when you feed the right mumbers
into it, 1, personally, have great confidence that it will do all the
things claimed for it, simply because of my belief and great confidence
in the people doing the work. Certainly, we couldn't have a fincr group
of people than those who have been working on this project and on the
computer,

I want again to welcome you and to say that we in ONR are
extremely proud to participate in this joint effort with you,
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WELCOMING REMARKS
by
Dean Martin A. Mason
The George Washington University

Doctor Rees, ladies and gentlemen;

One of the pleasant things that a Dean has to do is from time
to time to bring wordsof welcame from his University to those pcople
whom the University serves. 1 was particularly happy to have this
opportunity given to me to greet you people and make you welcome so far
as I can, first because the University family has a deep and appreciative
anterest in the problems of supply or logistics, and secondly because I
nave had in my professional career sone experience with logistics, insofar
as it applies to military operations.

I have the feeling that there are three elements which charac-
terize modern logistics., One might be called the trappings (those things
that are luxuries in combat), and one might be called impedimenta (those
things someone thinks are necessary); and the last is that body of
necessary things vital to the success of a military operation, A few
months ago I had occasion to talk to an underwater swimmer, a meaber of
a Navy underwater demolitior team, and I asked him what he really needed
in order to do his job, It did not take him long to figure out the
ansver, and he did not take many words to tell me the answer, He just
said, "Air, guts, and a giamo,"

Now this probably reduces the logistics problem to its simnlest
terms, but these were terms which I, as an engineer, could understand. It
appeared to me that if logistics problems could be solved with as ruch
simplicity as this hardy character brought to his problem, perhaps there
would not be quite so much need for camputers, and meney, and the large
assembly of brains and talent that we have here.

30 I like to think of logistics then, in tems of ™"air, guts
and a gismo," I don't know all that you are concernad with, but I am
sure that you are going to put the probleas and solu’.ions that you have
to work with in much more elegant language. I doubt if they can be any
clearer than those of the underwater swimmer.

The University, as I have indicated, is hanpy, of course, to
participate in the attack on the difficuld problems of logistics. At
the present time many people wonder what Universities are rezlly for,
whether they are havens for Communists, or a place where long-hajired
people can be given the necessary where-with-all to contimue to have
beans and bread at least once a week, o: whether they really do develop
nevw kncwledge and try to disseminate that knowledge. We have a strong
feeling, of course, in our University, as every other university has,
that we are trying to develop in knowledge, and to disseminate it. The
field of study of logistics appears to us to offer considerabie cppor-
tunity for the development of new knowledge. Certainly, all of you people
know that the knowledge that exists needs to be dicseminated somewhat
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better, We feel this is truly an effort in which & uriversity might
well cooperate,

\le are pleased indeed, therefore, for this opportunity to
Join with the Office of Naval Research in working on a relatively
important problem,

Our interest, as one of your jotnt hoste, is to see that you
are comfortab.e;, and thut you feel you are among friends, You probably

won't aftsar you have becn here a few days; but that is simply the atmos-
phere in Washington,

We are grateful to the General Ser¥ices Acd-inistration for
making available to us this more comfortable auditorium than the austere
clascrooms and facilities that we would have had at the University,

Let me state again the pleasur> of the lriversity in welcoming

you to this Conference, and our great appreciatio:. to the Office of Naval
Research for asking us to join in such a conference,

2



INTICDUCTION §0 #F “FRACTICAL" SESSIONS
oy

Rear Admiral Henry . =Sccles, 1ISH Retired

l. The major problem facing the Unlted States today is that of main-
taining our National Security without resorting to rapid inflation. In
order to do this we must develop atrong, adequately supporffsgmbat forces,
at a minlmu cost. This overall problem resolves itself into several
rel ted lesser problems:

A. The selection of weapors and weapor.s systems most suitable
for attaining National Security and our Nationul Objectives,

B, The determination of how these weapons and weapons systems
can best be ermployed to attalrn these objectlives,

C. The manner in which these weapons systems should be organ-
ized; that is to say ‘he command relations that should be established
in the Combat rorces.

D. The determination of how the forces employing these weapons
can be most effectively supported.

E. The determination of how best tc provide for the overall
corznand and departmental administration of these forces,

2. In considering these problems we find many strong differences of
opinion and certain startling paradoxes,

A. The dlfferences of opinion largely stem from differences
in basic philosophy of war, strategy, and the employment of weapons and
forces. However, these differences are greatly aguravated and made
urgent by the problem of the Budget - "The Battle for the Dollar", =
which is a Leglstics Problem.

B. The most startling paradox ls found In the fact that the
slogan of "busineas efficlency" ls baelng Invoked by persons advocating
administrative practices which are contrary to the trend in cur majcr
businesses. At a time when some authorities are emphaslzing the evilis
of overcentralizatlon in Govermment ln general, and when others consider
that many of our military deficiencles stem from overcentraligation,
there arises a demand for still greater centralization. All the while
large companlies are tending toward decentralization in thelr management.

3. The differences in military philosopny we should accept and work out
in our traditional menner by patlent study and education. The paradoxes
and contradlstions of tne demund for more centralization stem from a
superficial approach 1o the problem and from impatience.

L. The size of any enterprise can be roughly measured by the number of
its emplovees and its gross income. In 1951 General kMotors, Genseral
Elc “t-jc, American Teiephore and Telegraph and U, 5. Steel emploved a
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total of about 1,630,000 persons. Their combined gross income was about
$16,935,000,000.

In Fiscal year 1953 the U, S. Armed Forces were composed of a
total of about [,825,000 persons, both military and civillan, and they
had a budget of about $48,600,000,000, That is to 8say they were about
three tiries the size of the four industrial glants combined. In fact
the Navy alone, with its 1,500,000 personnel and $13,170,000,000 budget,
ils about the same size as this hypothetical industrial combination.

Now, granted that statistics can be very misleading, never-
theless these figures do give us, in terms of well known industrial
concerns, the order of magnitude of the problem of military management.

Se I presume that if we attempted a corporate consolidation of General
Motors, General Electric, American Tel and Tel), and U. S. Steel, and
then inslisted that the budget for 1954 be submltted by each division of
the combined coupany before its budget for 1953 had been established by
the five hundred man Board of Directors, therr might be some areas of
imperfection, and the stockholders mlght becone impatient. Some might
even say that such a corporation is unmanageable in a democracye.

6. And yet the problem of creating, emplcying, and supporting our combat
forces must be managed, and managed with efficiency. The application

of sound principles of Logistics and of Logistics planning enters into
every one of the problems mentioned. In som~ instances it is the vital
element, And yet these vital principles have not yet been adeguately
formulated, let alone applied. Therefore, for the overall problem to

be colved, there must be patient, continuing study and research. But
first the problem must be seen in its whole Lmmense size; and the rela-
tionships that exist among the various parts of the problem must be
unders tood.

7« The logistics aspects arc themselves so great that in this confer-
ence we can consider only certain portlons. After stating several of
them, we will discuss certain tools that we hope may be useful in their
solution, Gradually, by clear statement, and by patient discussion,
our understanding may be increased. Much of what will be sald during
these next four dgys will deal with new ideas, and with the developirent
of theorye This is, of course, the purpose of our meeting and our only
hope for continued progress. However, these _.Jdeas must be based on an
understanding of the facts of 1ife.

8. Because of ourgreat preoccupation with what happens !n Washington,
there may be a tendency to forget that our Loglistical Establishmant has,
as its sole purpose, the support of the Combat Commander. We can make
many minor mistakes and readily absorb them; but if we ever forget the
point of view of command in the fleld, we wlll make a major mistake that
can be fatal,

-2-
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9. And so today we willl open our conference by a discussion of the
problem of the support of the Naval Aspects of the Korean fighting.
From 19LS . 1950, Vice Admiral F. C. Denebrink was engaged in varlous
logistical tasks in the Pacific and in Washington. From 1950 to

Nov, 1952 as Commander Service Force U. S. Paciflc Fleet he was charged
with the Logistic support of all Naval Forces in the Pacific Ocean.

He 1s now Ccmmander of the hllitary Sea Transportation Service. With
this background he is particularly well suited to discuss "Fleet Logisticd’
from the working polnt of view--the point of view that we must never
forget. I take grecat pleasure in introducing Vice Admiral Francis C.
Denebrink, U, S. Navy.



INTRODUCTION TO THE"THECRETICAL' SESSIOKS

by
Prof. Oskar iorgenstern

The seneral chairman, Dr. Mina Rees, =2aid tha%t on \lednesday a
person naned Uskar Morgcenstern would take the chair for the so-called
“"Theoretical Session." I am this person and I want to say that I am very
honored in having this privilege of introducing so many excellent
speakers.

The overall program is broken into two parts: practical and
theoretical. This sort of division easily irks somebody who works in
theory, because it appears as if it were unpractical; but if you look
carefully, you will find that the arrangers of the progras have in their
wisdom put these two words in quotation marks, thereby indicating that
the common assumption that theory is not practical, might not be true.

I hope that the speechcs and the talks and other contritutions and
diseussion will prove this,

Naturally, we will progress gradually more and more to abstract
thinpgs in the sessions of today and tomorrow, but you may well be aware
th~t, for example, if one can define an optimum operation of a systenm,
one will really know something because one could discover whether a
given system actually is near it or not and how one can approach the
optimum,

Insofar as the theory of games is concerned, it appears of
course, ia many ways cven mcre remote from such questions; yet on the
other hand, same hardware has already been constructed with the aid of
thre theory. For example, certain types of planes have been selected over
other types of plane- precisely on the basis of this theory. Similarly,
at present, for exam.le, certain works are in prcgress which, if success-
ful, will lead to the construction of a particular type of guided missile
because it would be possible to build certain concepts of strategy into
the hardware itself. So it is quite clear that there are very direct
practical connections.

The talks of this morning begin with the talk on "Optimal
Technology for Supply Management." The speaker is Rear Admiral Frederick
L, Hetter of the U. S. Navy; he has a wide experience in the Atlantic
and Pacific. and since January 1951 he hos been Assistant Chief of the

Bureau of Supplies and .iccounts. It gives me great pleasure to introduce
Rear Admiral Hetter,

=l
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BLOTTU4TYPE CAMLS
by

Dre D. W. Blackétt
Princeton University

1. The Froblem of Colonel Blotto

In one version of the preclem ¢f Colonel slotto, the colonel
and the enery commander divide their ferces among certain rorts without
knowing the opposing disposition. The twe comranders are in charge of
the forces of two unfriendly nations on the night that war is declared.
In each of the passes along the common frontier is a fort, valuable in
war but unoccupied in peace. On the right war is declared both Colonel
B8lotto and his opponent deploy tineir troops under the cover of darkness
in the various passes in preparation for battles for the frontier forts.
If one side has more units of troops at a particular fort, that side will
capture the fort and the opposing troops. If both commanders send the
same number of units to the same fort, neither side will capture the fert
or take prisoners. rach commander scores one poirt for each fort and
each opposing unit captured by his troops. On the other hand each
comrander loses one point for each fort and each unit captured by his
opponent. The problem of Colonel Blotto is to deploy lis units, in
ignorance of the enemy disposition, so as to make his scure as large as
possible. Similarly the enemy commander tries to make his score as large
possible., Since making the enemy's score as large as Possible is equiv-
alent to making the Colonel's as small as possible, the tactical situaticn
faced by Colonel Blottc and his opponent is a two=person zero-sum gase,
2. Blotto-Type Games

The problem concocted for Calonel Blotto has been used to show
how optimal strategies solving a military problem migirt be found by

censidering the military situation as a game. Although the coloaelt's
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| problem is artifi. :1, the garme formulated from it illiustrates a generul

type of game which seems tc have many potential applications tc problems

of current military interes*., Specifically a game is a blotto-type (ame if
Two players contend in various inderendent operations area.

t Each player has certain forces he must distribute to these

1 operations area before he knows the disposition of opposing

: forces. The gain (measured numerically) for a player on a

E particular operations area depends only on the operations area

Y

and the force: committed to that operations areva by the two

players. The total peyoff to a player is the sum of his gains

in the individual operations area.

3. Military Examples of Blotto-Type Games

The definition of blotto-type games covers any military situation

in which the contesting naticons or commanders divide their forces among

deployment of opposing forces. Examples of such situations are:
a, Bombers are allocated to attack widely separated target
areas and interceptors are deployed to defend these areas
without either side knowing the distribution of opposing
aircraft,
Here the operations area are the different target areas and the
payoff to the attacker is the expected value of damege caused by bombing

plus the expected value of interceptor losses minus the expected value of

bcmber losses. Under the assumption that the payof{s in the aifferent

target areas are additive, the problem of assigning bombera and interceptors

i is a blotto-type gaire.
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b. Convoys are routed without complete knowledge of
subrmarine locations, while submarines are stationed without
advance information ahout convoy routes.

In this example the different possible convoy routes are
operations area arnd the payoff to the cubmarines is the expected value
of convoy losses (including tirme losses) minus the expected value cf
submarine losses. If the convoy routes under consideration are
sufficiently separated so that no one submarine can sirultaneously
threaten mcre thun one of the possible routes, the operations area arc
independent and the provler of routing convoys is a blotto-type gare,

c. Amplibious landings are riade without complete information

abcut the aeployment of the defending forces, while these

forces are stationed without rnowledge of the landing
beaches selected,

Here the operations area are ire different possible landing
beaches, and casualties and positions gained or lost measure the payoff.

d. If differen* types of bombers can deliver atomic bembs,

the assigmment of bembs for an atomic-bomoing mission must be

made in partial ignorance of how defense potential will be
allocated against the different types of bombers. On the
other hand this allocation must be made without knowledge of
the bomb wssigrment,

The operation3 area are the different interception missions

and the payoff is the expccted number of atomic bombs dropped on targets.
In so far as ccmmitment of defense potential to intercepting one tyre of
bomber detracts from the defender's ability to intercept other types,

this allocation proolem is a blotto-typec game,
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e, If the defender's supply of ammunition along a hattlefront
is not unlimited, the limited supplies must be distributed among
the different sectors without knowing exactly where to expect
attacks. On the other hand the attacks are made in ignorance

of the defender's allotnent of ammurition.

This problem of logistics and tactics is a further example of a

blotto-type game.

L. A Special Class of Blotto-Type Games

Since many military situations can be formulated as blotto-tyre
games, it is natural to ask "What general statements can be made sbout
solutions of blotto-type games?®

One class of games for which theorems can be proved consists of
games in which

Two players (A and B) fighting in N independent operations

area (labeled 1, 2, oay 1, ¢esp N) must distribute their forces (F and G
units respectively) to the operations area before discovering the opposing
deployment. The payoff on cperations area i (a numerical measure of the
gain of A or equivalently of the loss of B) is given by a function Pi(x,y)
depending only on the operations area and the opposing forces x and y
committed to that operations area by A and B respectively., The
payoff of the game as a whole is the sum of the payoffs in the individual
operations area,

The functions Pi(x,y) are assumed

Ja, Convex in x for all 4 and y or

B Concave in x for all i1 and y

" RES
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Ile, Concave in y for all i1 and x» or

£ Convex in y for all i and x

S. The Significance of Assumptions I and II

r A restatement of Condition Ia is that the payof{ to A in
every operations area satisfies a law of increasing returns in terms of
units corurdtted by A against fixed oppesition by B. This is the case
' if increasing the number of A's units overloads the defense of B so
( that the payoff to A per unit committed increases with the number of
units, An example in which there is such an irncrease in effectiveness
per unit is a situation in which two submarines making a coordinated
attack on a convoy would sink more than twice as many ships as one
could sink operating alone,

Conwation If means that in every operations area the payoif to
A against fixed opposition by B satisfies a law of diminishing
returns., This condition would hold if an increase in the number of
units sent to battle by A leads tc sufficient overkilling of B's
forces so that each additional unit committed by A decreases the
average effectiveress of A's units. An example in which the law of
diminishing returns applies is an attack on a bcmber with guided
misgiles, The more missiles dispatched the greater the probability of
killing the bomber, but the less the kill prcbability per missile
expended. This is because of the wastage of missiles which weculd
result if more than one missile did lethal damage to the bomber.

Under Conditian IIa the loss of B (i.e. Lue gain of A) per

unit committea by 5 decreases as the number of units increases. In
other words the gain ¢f B saticsfies a law of increasing returne.
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Under Condition II3 the loss of B per unit sent to battle
increases as the number of units increases. Equivalently the gain of B
satisfies a law of diminishing returns,

In summary, Assumptions I and 1I may be rephrased

Ia, In each operations acrea the gain of A against fixed
opposition satisfies a law of increasing returns, or
B. 1In each operations area the gain of A against fixed
oprositicn satisfies a law of diminishing returns.
Ila. In eacnh operations area the gain of B against fixed
opposition satisfies a law of increasing returns, or
B. In each operations area the gain of B against fixed

opposition satisfies a law of diminishing returns.

6. Optimal Strategies under Assumptions I and Il

When Condition Ie¢ holds, there is an essentially-unique optimal
rixed strategy for A which sends either all or none of his forces tc a
Jarticular operations area. The optimal strategy must be such an alla
sr=-nothing strategy because amung all mixed strategies cending the same
:xpected number of units to the operations area the one which never
livides forces is the best for A. This is a reflection of the geometric
Tact that when Pi(x,y) is a convex function of x, the graph of Pi(x,y)
as a function of x i3 below the chord joiring its endpoiits,

Under Condition If there is an essentially-unique optimal strategy

for A which uses a single fiied depl yuimit of forzes., The cntimal

" strategy is pure because among all mixad strategies sending the same
expected number of units to an operations area the one which sends exactly

that number with probability one is the best for A. This reflccts the

! “ RESTRICTED
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fact that when Pi(x,y) is concave in x, the graph of Pi(x,y) as a
function of x 1is below every tangent to the zraph.

Under Conditicn TIn the optinzal sirategy for B is pure since
the graph of Fi(x,y) as a function of y is abcve each of its tangenvs.
| when Condition IT3 holds, the optimal strategy for B is an
| all-or-ncthing strategy sending 11 cor nore of his forces to a particular
operations area. This is because the graph of Pi(x.y) as a function

of y 1is above the chord joining its ecndpoints.

| 7. The Calculaticn of Optimal Strategies
Case aPf: Conditions Ia and IIP hoid.

In this case the following theorem gives a cornvenient set of
equations whose solution (if there is a solution) determines both the
optiral all-or-nothing strategy of A and the optimal pure strategy of B.
Theorem: If Y13 eees Yy» Qs ecer @ Aare non-negative numbers solving

the equations

F - 0 ) = { - %"= 98¢ ™ CJ
Pl( 9.‘:'1) Pl( ’yl' P2\F).V2) Pz(opy2) PN(F’yN) PN(O,yN)

(1)
yl & y2 * eee ¥ yN « G
AT (Fyy) 3p_(0.v) I
1(F57) | 1(0s
- (]l - " eove
% dy A ql) _
"N Yy Yy
- (%)
3Py (F,y) | 9Py (0,) ]
|
* Ty po= Q- 'LN) —
3y y
| .‘r"YN Y'}'N
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tren the pure strategy sending Yy units to operuti~ns area 1, y, to
operations area 2, ..., and YN to operations area N is optimal for B;
vhile the all-or-nothing strategy sending all F wunits tc operations area
i with probability qi is optimal for A.

An interesting specialization of this theorem occurs when there
is gain or loss to either A or B cnly in thrse operations area tc which
A has sent forces., An example of this special situation may occur if A
is routing a convoy, B 1is threatening the convoy with subtmarines, and
the operations area 1s possible convoy routes. Under these circumstances
the convoy can lose ships only on the convoy route actually used,

In the special case the equations (1) become

Py(Fs¥q) = Po(Fsy,) = eee = P(@yyy)

yl‘yz*ooo‘yN—Go

These equations show that the optimal pure strategy for 3 divides his
‘orces so that when A sends all F units o a single operations area
:he payoff does not depend on the operations area, 1In a convoy problem
.his means the subrarines should be stationed so that the expected convoy
.osses do not da2pend on the convey rcute sele . lencc the submarines

are optimally stationed if each convoy route is equally threatened.

A [further consequence of the specializaticn is that the equations

(2) become
ql”l(m) e g JPEY)
dy N dy
b A ST =y

N

ql‘ [ N N ] ’ qN =1
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Hence the opoil.«l all-or-nothing strategy for A sends his Iorces tc
the differeni cperations area with probubilities inversely proporitiona?
to the derivative: o7 the functions Pi(F,y) {i,e, inversely propor+io:
to certain v rpiral yzyoffs).at the valves of y which give the ecptim-al
pure strategy for B. The =ffect of this choice_of ;rotébilitf;r is
that E ieg ;v :ralized for any devietion frcs ontin Y play.
G.se aa: Condimiﬂné Ia an@ﬂIIa hoid.

The hecrern oelow slicus that:the optimal élluormnothigg

strategios “or A& wnd B may be found by solving two sets of linecxr

equaticns.

Theorem: I (7. -- , Qu and Sys eves Sy are nen-negative numbers

solving the liicar equations =

—.q F.¥,G) = F_(F,0)} + (1-q.}[P.(C53) ~ P {0.0)]
stk IV 1\4 -*Th‘ = N

q1 + aee t qu, 7 : .
s [Py (F52) - pl(o,a)l + (1-s)) [Py (#,0) = B (0:2)] = on.

Zile I - B (0.C)] + (=5 )'F (F,0) ~ P (0,0)]
N[ N(FJG) N( = /] ( R).PN( F ) N\ ¥ )

Sy * e + Sy = 1,

then the optimal all-or-nothing strategy for A sends his F units to
operations ares i with probability Q5 while the optimal zll-or—
nothing strategy for B sends his G upits to operctions zrea L with

Frobability 8.
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If A and B «ain or lese only when cpposing forces meet <.

tre same battlefield, (ncse equaicns sirplify to

qi?l(F,P} . qué(F,G) ees 7 QP

-ince the equavicn:. for ‘he 5. «re the Same as those for .ne 'qi, the

ortinal all-cr-noiiin: s-rolegics for the cppouing players send their
v~=25 to the differ<wt operatiuns urea with the same protabi_ities.
ae cifect of =2ither of ~re cppesing stretegies may be interpreted

..1€0 28 threctenirz ns ooosing ferees equalily no matter wnat

aporaticns area 13 ¢ttt.stna oroas penalizing the -ppositic

Jwviation Irom optirel .eculas.

Cace ba: Conditions .- ard Iz hold.
this case ic the sane as Case aa excep* that tle roles ol A

-nd B have been interclonged.

1se {#A: Conditions TZ and iIB hold.
infthis case uﬁén both players nave optimal purs strategies,
tnicse strategies may re fournd by locating the saddlepoint cf tne total
vayoff funciion, In general no such simple relations as the equations

for the precedirp cases can be pgiven to determine such a sadclepeint,

8. The Relation of the ["our Casze- to MNilitary Problems

The mathema’ical breakdown into cases has its parallel in

RESTRICTED
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ilitary tactics. The analytic question whether the payoif s corvex
or concave in the various operations area correcsponds to the military
questicn wncther forces chould be divided or used as a single unit,
For many types of military operations, experience seems to have
answered the quastion. For instaace ships are sal«r in one large

corrcy rati..y ihea in several. small corvoyse. On uie other hand there

is some uncertainty when submarines should over:c' . independently cnd

L

when in woli -~ tokse

ydo
ck

hac been decided whether Fforces should be div: d=d

qpgs
or not tie nmilitarv rproblem remains: if they are to e divided, how

are the;y ‘o ve divided, and if they are not to be divided, where should

ai.ted by corpating optimal strategios from the equations abcve.
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FORMAL DISCUSSION ON
DR. BLACKETT'S PAFER
by
Dr. W. H. Marlow
Logistics Hesearch Project

1. Introducticn.

The purpose of this riscussion is to describe some games
possessing interest as probabilistic models of situations related to
warfare. These games will be illustrated by a numerical example to
which one of Dr. Blackett's results applies. It shculd be noted that
this discussion is simply a general indication of interests shared by
several persons associated with the Logistics Research Project; the
situation described below in 3 and the resulting game have been selected
for exposition only - as examples they do not present a picture of
current Project studies in the theory of games, either throretical or
computational.

2. Attriticn Functions and Attrition Cames.

An attrition function expresses a probability associated with
the "survival" of X%, ... , "units® if contﬂstants l, ses , m have
assigned €y, ees 5 §, "unils® S Some contest. Of special interest
are "unct.ions dependent upon the time duration of the action and where,
2t 2 given time, the survival of a unit depcnds upon the nimhar af
enemy units and the number of friendly units currently engaged. An
attrition game is one for which the description of the result of a
single move is given by an attrition function. This contrasts with
the direct specification o a payoff and there clearly are advantages
in introducing fundamental lethal processes from which payoffs are
derived., Study of such games (which would be of the Blotto type if
they were fights for geographical positions) would be an attempt to
recognize probabilistic realities and the results, both qualitative
and quantitative, would be expected to include sufficient initial
conditions for prescribed erxpectations.

3. Numerical Example.

There zre two opponents, Player I having two ships and two
units of aircraft, and Player II with four aircraft units. The
objactive of I is to unload each of his ships at one of two possible
points under the opposition of II's aircraft. Each player assigns his
forces in ignorance of the other, It is further assumed that the above
is to be repeated, say daily, and that on a givan day, no changes f{rom
the initial assignments for that dey are possible for either piayer:
for example, if units of II's aircraft are sent to a point to which no
ship has tesn sent, these aircraft are not able ¢ go to the other
wuoading point.

An example of & simple attrition function for the above
situation would be:

Pp(1, J) = the cormcn survival prooability of a ship assigned
tc place n if i1 of I's aircraft oppose j of II's
at place -,
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For the numuers selected above, assume:
Pl(i: 3)

(1 - J +« DNOs
(1 - 3 ¢« 610 .

Thus, place 1 is more favorable to Player I than is place 2 to the extent

that. say, 1 has a unit of I‘3 aircraft added as a permanent fixture,

An exarmple of a zero-sum game based upon the above would be
one having the expected number of surviving ships as peycff to I and the
negative of this number as payoff to II. This number would be the
average outcome correspending to a specified set of assignments by I and
IT. If the payoffs are computed by mcans of standard binomial expressions,
it develops that certain assignments will never be made by I since he
could always do better no matter what assignment is made by II. For
ecample, I will not assign boih aircraft units to place 1 and both ships
to 2., After these consideraticns, of the nine possibilities open to I,
five remain:

Fy: Assign eveiything to place 1;

Fp: Divide tbe ships, send all aircraft to 1;

F3: Divide equally between 1 and 23

F,: Divide the ships, send all aircraft to 2;

Fg: Assign everything tc e
Ti-e possibilitiec are open to II: E;, Fs. »ee 3 Ec corresponding to
i1s sending, respactively, L, I, ees , O units to placze 1 and the

~emainder of place Z.

The expecteld rumber of ships surviving under these assignments
are given in the following table:

5 E, Eq F, Eg

F ?oU 1.,1 102 100 O.B

The matrix yame with this payoff has the foilowing mixed siralegy
soluticn: layer I sheold play only Fy and F and these with equal

D
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probavility while Player II should play E; three times as olten as Ly
and should play only these strateries. The value of the game i5 1.3
which neans tho" tliis will be the average number of ships surviving:

in ten days say, Playe- I would expect to unload about 13 shiplioaas

of the 20 he assigned. Further, the sbove means that either player

can expect to be penalized for deviating from an optimal method of

piay. As one example - if II elects to constantly d:vide his aircrar*
equally (E3), I may be cxpected to deduce this and realize 1.4 by alwayr
sendirg his chips and sircraft to place 1 (Fp).

If Fp -ad F are eluninated from the abcve, I may be regardec
as having two homogeneous uaits, each composed of cne ship and one
aircraft unit. Then, the continnous game having as paycff function the
linear extensionr of the former matrix falls under Dr. Blackett's Case I.
Therefcre, Player I has a mixed strategy while II has a pure strategy.
The soluticn of the contimuous game does correspord to the former
solution since plaver I vrocends as before hile player 1II, in order to
realize his "pure" strategy of sending 2 1/2 units to place 1 and 1 1/2
units to 2 mst alternate E» and E, as before.

In conclusion, the above over-simplified numerical example is
intended to illustrate a Blotto game based upon fundamental nudes of
attrition. Froum the description of altrition and the chosen payorf
structure the game solution and game value were ccmputed and interprctec.



SUMMARY CF GENERAL DISCUSSICM ON

DR. BLACKETT'S PAPER

During the general discussion concerning possible applicaticns
cf the theory of games to actual military nroblems, the Chairman cited
the Air University thesis of Col, Cliver G, Haywood, USAF, '"Military
Decision and the Mathematical Theorv of Games'". This study wac describec
as a general comparison of principles and it vas stated that copies of
the thesis, reprinted as a research memorandum, might be obtainable from
the Rand Corporaticn. Reference was alzo made tc an abstract of the
thesis in "Air University Quarterlyv Revioew," vol. L, no. 1, 1950, pp. 17-
30,

Admiral Eccles callea attentior: to the careful studies of
World War II Naval engagements being undertaken bv Commodore Bates at
the Naval War College. It was stated that, with proper clearances,
these detailed analyses might be available for studv by scientists.

The c¢iscussicn concluded with several ,oints related to <re
enplovment. of chance devices in warfare. In reply to Prof. liarschak's
questioning, Admiral Eccles stated tinat he knew of no de-likerate employ-
ment of randomized mixed strategies in warfare, but he did point out
the classical requiremecnt for making decicinns uncer slight information--
ir the "fog of war"., In connection with zrocedures of a tactical nature,
randem devices were said to have bheen employed in schecduling shivping and
the emplacement of certain tyvpes of weapons. Prof. Hu hec added sme
observations baced upur. experiments wherein subjects displayed discei.-
1ble effects in attempting to perform simprle tasks in a random fashion.



SUMMRRY REMARKS
vy

Chairman Morgerstern

It is 3:2L and the time table here says that gt 3:29
the chaiman has to make summary remarks. I think they would
be somewhat anticlimactic if they were long, as they would have
to be, So all I will do is to thank the various speakers, the
main speakers and the formal discussants, and all those who
hzve sat through these two days of so-called "theoretjcal”
sessions,

I am turning the meeting over to Dr. Rees,



CONCLUDING REMARKS

by
The General Chairman, Dr. Mina Rees

if Dr. Morgenstern's remarks would be anticlimactic, I cannot
think of any that would be more anticlimactic than mine.

1 wish o express, not only to the speskers, bt (C the
Chairmen of the twc sessions, the gratitude of all the psrticipants
for their excellent planning and presiding and participation.

i should like also, on behalf of the Office of Naval Research,
to thank particularly The George Washington University people who have

been largely responsible for the plamning and carrying out of this
symposium,

I mentioned in my opening remarks that one of the great needs
in this new logistics game is to provide s forum for interchanging of
opinion and experiences. Although I myself have deen rather hesvily
engaged in same practical games over in the Pentagon for the last couple
of days, I hear there has been a lively exchange of opinicen, snd scme

disagreement expressed on the fioor, snd sometimes outeide, I think
this is all to the good.

I wvant particularly to thank cur military participants, 1
wonder 1f the rest of the civilians feel as I do, that we have learned
2 tremsondous lot from what they suid. Not many are here, but I wounid

particulerly like to thank General Davis, whose talk wss so stimulatirg
and wrth while,

On the general front of providing a forum for iaterchangs of
opirdon, I would like to take this chance to amnouncs that the Office
ol Naval Research plans to initiate a Journal, prodably scme tine in
the Fall, to be called the Nava: Research Logisiics Quarterly. It is
intended that this journal should contain both theoretical and practical
articles, that the writers should be drswn both from the scientific
comenity and from the military sommmity. You are sl invited and
urged to submit articles for concidsrstion. The Journsi will be care-
fully edited., We do not guarantee pudblicaticn of anything. The
;ﬁjtcun is %0 provide a reaily adequate interchange of good work in
asgisxics, Articles should be sent to Cods 436, the logistics Eranch
of the Office of Navil Resesrch.

With these remarks I would like tc declare this session of the
logistica Comerence at an end, and thank 8ll the psrticipants, both on
the floor and on the stage.
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